The nonlinear differential-difference equation dxt) dxt) = [a -bx(t -)]x(t) (1) has been suggested' as a mathematical description of a fluctuating population of organisms under certain conditions. In this equation, a, b, and T are positive real constants, while x(t) and x(t -r) are the populations at times (t) and (t--), respectively . The quantity in brackets represents the rate of growth at any instant, and it depends in part upon the population at an earlier instant in time.
The equation may apply to other than biological situations also. In particular, it might describe the operation of a control system working with a potentially explosive chemical reaction, provided a fixed time delay exists in the sensing element of the control. The equation also is quite similar to equations that arise in economic studies of the business cycle, where time delays exist in various steps of business operations. 2 Methods of finding exact solutions for equations of this type seem to be unknown.3 Qualitatively, it is evident that-if x(t) ever vanishes, the value of dx(t)/dt also must vanish, and x(t) can never become different from zero again. Thus, if x(t) is not zero, it must always retain the same algebraic sign, and the signs of x(t) and x(t --r) must be identical. Only the case of x(t) positive is considered here. If x(t) is positive, the sign of dx(t)/dt can be either positive or negative, depending upon the relative magnitudes of terms in equation (1) . Thus oscillation is allowed with x(t) positive. If x(t) is negative, the sign of dx(t)/dt is always negative, and the solution can only go to negative infinity.
When the combination of parameters is such that a periodic oscillation occurs, the mean value of x is a constant, a a=b (2) This result can be obtained by dividing both sides of equation (1) by x(t), averaging over a period, and taking account of the periodicity.
A degenerate case of equation (1) 
Provided that the delay time T is sufficiently small and the higher-order derivatives are not too large, only the first few terms of this infinite series may represent it fairly accurately. Substitution of the first three terms gives
bx where a2 2/T2 X a/b. This second-order equation is nonlinear but has all terms evaluated at the same instant. In many cases of interest, its solutions should be similar to those of equation (1). Actually, equation (1) 
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A stability diagram for solutions near the singular point (x, z,) can be drawn as in Figure 1 , making use of information in equation (8 
where p = (ar -1) (a 2)1 and q b2/4a3T2 It is assumed here that A/# < 1
and that the relative change in A per cycle of oscillation is small. This last requirement is equivalent to the statement 4/5 < (aT) < 5/4.
Equation (11) has the solution
where A = Ao at t 0. If p is positive, A always approaches the value
If p is negative, A approaches zero. In a similar way, it can be shown that on the average 0 does not vary with time. Thus an approximate solution is
where A (t) is given by equation (12) and AO and 0o depend upon initial conditions. By applying a perturbation method,9 another approximate solution is found to be x = j3 + A sin at -(aA2/6b132) sin 2at ..
This is a steady-state solution valid for I < (ar) < 5/4.
In equation (15), A has the value of equation (13), and the presence of a secondharmonic component is indicated. Its phase is such as to reduce the rate of rise of x from small values and to steepen its drop from large values. The approximate solutions, given in equations (14) and (15), apply directly to equation (5) and might be expected to apply reasonably well to equation (1), also. As mentioned earlier, equation (1) is equivalent to a differential equation of infinite order and might have an infinity of modes of oscillation. The-mode with the longest period is found in the approximate solution of equation (15). This period is T = 2"1'wrr, and the ratio r/T is in the order of 1/4. Provided that the product ar is large enough, modes with shorter periods may exist for which the ratio r/T would be of the order of 5/4, 9/4, . In any physical situation described by equation (1), it is likely that only the mode with longest period would be found.
An electronic analogue computer was used to find solutions for both equations 
The work described here was done in part under research contract Nonr433(00) between the Office of Naval Research and Yale University. 10 The author is indebted to Professor G. E. Hutchinson for interesting discussions concerning the problem.
